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Abstract
We establish a monotonicity theorem and a rigidity theorem for the Perelman W -entropy of the Fokker–
Planck equation on complete Riemannian manifolds with non-negative m-dimensional Bakry–Emery Ricci
curvature. Moreover, we give a probabilistic and kinetic interpretation of the W -entropy for the Fokker–
Planck equation on complete Riemannian manifolds.
© 2011 Elsevier Masson SAS. All rights reserved.
1. Introduction
In recent years, the Fokker–Planck equation has been one of the important topics in the cur-
rent research of kinetic PDEs, functional inequalities and stochastic analysis, see e.g. [1,3–5,8,
15–17,12,19–21,23] and references therein. The purpose of this paper is to study the Perelman
W -entropy for the Fokker–Planck equation on complete Riemannian manifolds, based on some
ideas and results that we have developed during recent years on comparison geometry for the
Bakry–Emery Ricci curvature on complete Riemannian manifolds [10,7,11].
Let (M,g) be a complete Riemannian manifold, ∇ the gradient operator, div the divergence,
i.e., the L2-adjoint of ∇ with respect to the Riemannian volume measure dv(x) = √detg(x) dx
on M , and  = div∇ the Laplace–Beltrami operator. Let φ ∈ C2(M). Consider the Langevin
stochastic differential equation for the velocity Xt of a random particle moving on M ,
dXt =
√
2dWt − ∇φ(Xt ) dt,
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continuous with respect to the Riemannian volume measure dv on M , and the probabilistic den-
sity of the law of Xt at (x, t) ∈ M × R, denoted by f (x, t), satisfies the Fokker–Planck (also
called the Fokker–Planck–Kolmogorov) equation on M ,
∂tf = f + div(f∇φ). (1)
In the sequel, let
LFP =  + div(·∇φ).
In [15,16], Jordan, Kinderlehrer and Otto proved that the Fokker–Planck equation on Eu-
clidean spaces can be realized as the gradient flow of the free energy functional on the Wasser-
stein space over the Euclidean spaces. The natural extension of this beautiful result to the setting
of complete Riemannian manifolds has been well known in the literature.
Theorem 1.1. (See [15–17,19,21,23,6].) Let M be a complete Riemannian manifold with Ricci
curvature bounded from below. Let P2(M) be the Waserstein space of all probability measures
f dv with second order moment, i.e., for a fixed point o ∈ M ,∫
M
d2(x, o)f (x) dv(x) < +∞.
Let F : P2(M) → R be the free energy functional of the probability density f defined by
F(f ) =
∫
M
f logf dv +
∫
M
fφ dv. (2)
Then the Fokker–Planck equation (1), i.e.,
∂tf = f + div(f∇φ)
is the gradient flow of F with respect to the following infinite dimensional Riemannian metric
on P2(M) (cf. Otto [16]):
gf dv(s1, s2) =
∫
M
s1s2f dv,
where f dv ∈ P2(M), s1, s2 ∈ Tf dvP2(M) = {s : M → R:
∫
M
s dv = 0}, and si = −div(f∇pi)
for some pi ∈ W 1,2(M), i = 1,2.
2. The ground state transform
In this section we describe the canonical correspondence between the Fokker–Planck equation
and the heat equation associated with the Witten Laplacian.
Let
dμ(x) = e−φ(x) dv(x).
The Witten Laplacian with respect to the weighted volume measure μ on M is defined by
L =  − ∇φ · ∇,
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E(u, v) = −
∫
M
〈∇u,∇v〉dμ, ∀u,v ∈ C∞0 (M).
The canonical correspondence between the Fokker–Planck equation and the heat equation
associated with the Witten Laplacian is given by
L1(M,v) → L1(M,μ),
f 
→ u := f eφ.
In the literature, the above canonical transform is called the ground state transform. Using the
ground state transform, we can easily verify that f is a solution of the Fokker–Planck equation
(1) if and only if u = f eφ is a solution of the heat equation associated to the Witten Lalplacian
L =  − ∇φ · ∇ , i.e.,
∂tu = Lu. (3)
Furthermore, it is well known (cf. [10]) that f is a solution to the Fokker–Planck equation (1) if
and only if v = f eφ/2 satisfies the Schrödinger equation
∂tv = Hv, (4)
where
H =  − V, V = |∇φ|
2
4
− φ
2
.
Let Pt = etL be the heat semigroup generated by L =  − ∇φ · ∇ on L2(M,μ). Then
f (x, t) = e−φPt
(
eφf
)
(x)
is the solution to the Fokker–Planck equation (1) with the initial date f (x,0) = f (x). Let Qtf
be the heat semigroup of the Fokker–Planck equation (1). Then
Qtf = e−φPt
(
eφf
)
. (5)
Conversely, we have
Ptf = eφQt
(
e−φf
)
. (6)
3. Harnack inequality, Liouville theorem and gradient estimates
Following [2], cf. also [10,7,11], we see that the so-called curvature-dimension condition
CD(−K,m) holds on (M,g,μ) if and only if
Ricm,n(L) := Ric+∇2φ − ∇φ ⊗ ∇φ
m − n −K,
where m n and K  0 are two constants, and m = n if and only if φ is identically a constant.
We now prove the Li–Yau differential Harnack inequality for the Fokker–Planck equation.
In the case where φ ≡ 0 and m = n, it is due to Li and Yau [9].
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ity holds for the positive solution to the Fokker–Planck equation
|∇ logQtf + ∇φ|2 − ∂t logQtf  m2t . (7)
Proof. By Theorem 5.1 in [10] or Theorem 2.2 in [11], under the condition CD(0,m), the Li–
Yau type differential Harnack inequality holds: for all f : M → R+, and for all t > 0,
L logPtf + m2t  0. (8)
Applying (6) to eφf , where f : M → R+, we get
L log eφQtf + m2t  0. (9)
Note that
L log eφQtf = Lφ + LQtf
Qtf
− |∇Qtf |
2
Q2t f
.
Now
LFP f = f + div(f∇φ) = f + ∇f · ∇φ + fφ
= Lf + 2∇f∇φ + fφ.
Hence
LQtf = LFPQtf − 2∇Qtf∇φ − Qtfφ.
We get
L log eφQtf = φ − |∇φ|2 + ∂tQtf
Qtf
− 2∇Qtf∇φ
Qtf
− φ − |∇ logQtf |2
= ∂t logQtf − 2∇ logQtf · ∇φ − |∇ logQtf |2 − |∇φ|2
= ∂t logQtf − |∇ logQtf + ∇φ|2.
From this and (9), the proof of Theorem 3.1 is completed. 
As a corollary of the above Li–Yau differential Harnack inequality, we can easily derive the
following Liouville theorem for the positive solution of the stationary Fokker–Planck equation
f + div(f∇φ) = 0. (10)
Theorem 3.2. Let f : M → R+ be a positive solution to the stationary Fokker–Planck equa-
tion (10). Under the curvature-dimension condition CD(0,m), where m  n is a constant, we
have
∇ logf + ∇φ = 0, (11)
and hence there must be a constant C > 0 such that
f = Ce−φ.
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Applying (7) to f and letting t → +∞, we complete the proof of the theorem. 
In fact, if f is a positive solution to the stationary Fokker–Planck equation (10), then u = f eφ
is a positive solution to the heat equation of the Witten Laplacian L =  − ∇φ · ∇ , i.e.,
Lu = 0. (12)
In [10], we proved that, under the curvature-dimension condition CD(−K,m), i.e.,
Ricm,n(L)−K,
where K  0 and m n are two constants, any positive solution u of the elliptic equation
Lu = 0
satisfies the following gradient estimate
|∇u|√(m − 1)Ku. (13)
In the case φ ≡ 0 and m = n, the above gradient estimate is due to Yau [22], who proved that
on any complete Riemannian manifold with Ricci curvature bounded from below by −K , i.e.,
Ric−K , any positive solution to the Laplace equation
u = 0 (14)
satisfies the following gradient estimate
|∇u|√(n − 1)Ku. (15)
Now, under the curvature-dimension condition Ricm,n(L)−K , for any positive solution f of
the stationary Fokker–Planck equation (10), applying (13) to u = f eφ , we have
∣∣∇(f eφ)∣∣√(m − 1)Kf eφ.
Therefore we have proved the following gradient estimate for the positive solution of the station-
ary Fokker–Planck equation.
Theorem 3.3. Let f be a positive solution to the stationary Fokker–Planck equation
f + div(f∇φ) = 0.
Suppose that there are two constants K  0 and m n such that
Ricm,n(L)−K.
Then
|∇ logf + ∇φ|√(m − 1)K. (16)
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In this section we prove the monotonicity of the free energy functional
F(f ) =
∫
M
f logf dv +
∫
M
fφ dv
for the Fokker–Planck equation on complete Riemannian manifolds.
To this end, we need the following entropy dissipation formula.
Theorem 4.1. (See [11].) Let (M,g) be a complete Riemannian manifold, and φ ∈ C2(M).
Suppose that there exist some constants m n and K  0 such that
Ricm,n(L)−K.
Let u ∈ C(M,R+) be such that
u ∈ L1(μ) ∩ L1(d4(·, o)μ),
where o ∈ M is a fixed point. Let u(x, t) = Ptu(x) be the solution to the heat equation
∂tu = Lu, u(x,0) = u(x).
Then
d
dt
∫
M
Ptu logPtudμ = −
∫
M
|∇Ptu|2
Ptu
dμ.
We now prove the main result of this section.
Theorem 4.2. Let (M,g) be a complete Riemannian manifold, and φ ∈ C2(M). Suppose that
there exist some constants m n and K  0 such that
Ricm,n(L)−K.
Let f ∈ C(M,R+) be such that ∫
M
f dv = 1 and ∫
M
f (x)d4(x, o) dv(x) < +∞, where o ∈ M
is a fixed point. Then
d
dt
F (Qtf )dv = −
∫
M
|∇ logQtf + ∇φ|2Qtf dv. (17)
In particular, if Ricm,n(L) 0, then
d
dt
(
F(Qtf ) + m2
(
1 + log(4πt))
)
 0.
Proof. Taking u = eφf and applying Theorem 4.1 to Ptu = eφQt(e−φu), we have
d
dt
∫
M
eφQt
(
e−φu
)
log eφQt
(
e−φu
)
dμ = −
∫
M
|∇(eφQt(e−φu))|2
eφQt(e−φu)
dμ.
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d
dt
∫
M
Qtf log eφQtf dv = −
∫
M
|∇(eφQtf )|2
Qtf
e−2φ dv.
Now ∫
M
Qtf log eφQtf dv =
∫
M
Qtf logQtf dv +
∫
M
Qtf φ dv = F(Qtf ),
and ∫
M
|∇(eφQtf )|2
Qtf
e−2φ dv =
∫
M
|eφ(∇Qtf + Qtf∇φ)|2
Qtf
e−2φ dv
=
∫
M
|∇ logQtf + ∇φ|2Qtf dv.
Therefore
d
dt
F (Qtf ) = −
∫
M
|∇ logQtf + ∇φ|2Qtf dv.
This proves (17). Using the fact that
d
dt
m
2
(
1 + log(4πt))= m
2t
=
∫
M
m
2t
Qtf dv,
we obtain
d
dt
(
F(Qtf ) + m2
(
1 + log(4πt)))=
∫
M
(
m
2t
− |∇ logQtf + ∇φ|2
)
Qtf dv.
Under the curvature-dimension condition Ricm,n(L)  0, using the Li–Yau Harnack inequality
for the Fokker–Planck equation, i.e., Theorem 3.1, we obtain∫
M
(
m
2t
− |∇ logQtf + ∇φ|2
)
Qtf dv 
∫
M
(−∂t logQtf )Qtf dv
= −
∫
M
∂tQtf dv = 0.
This completes the proof of Theorem 4.2. 
Remark 4.3. Note that, if M = Rm and φ ≡ 0, then the Fokker–Planck equation is exactly the
heat equation
∂tu = u,
and its fundamental solution u(x, t) = Ptδ0, where δ0 denotes the Dirac mass at 0, is given by
u(x, t) = e
−‖x‖24t
m/2 .(4πt)
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Qtf (x) = u(x, t) = e
−‖x‖24t
(4πt)m/2
.
In this case, we get
F(Qtf ) =
∫
M
Qtf logQtf dv +
∫
M
Qtf φ dv = −m2
(
1 + log(4πxt)).
5. Perelman’sW -entropy for the Fokker–Planck equation
In this section, we study Perelman’s W -entropy for the Fokker–Planck equation on complete
Riemannian manifolds.
Inspired by Perelman [18], Ni [13,14], and our recent work [11] on the study of Perelman’s
W -entropy for the heat equation ∂tu = Lu of the Witten Laplacian L =  − ∇φ · ∇ , we now
introduce the Perelman W -entropy for the Fokker–Planck equation (1) as follows
W(f, t) = d
dt
{
t
(
F(Qtf ) + m2
(
1 + log(4πt))
)}
. (18)
We have
W(f, t) = F(Qtf ) + m2
(
1 + log(4πt))+ t d
dt
(
F(Qtf ) + m2
(
1 + log(4πt))
)
=
∫
M
(
logQtf + φ + m + m2 log(4πt) − t |∇ logQtf + ∇φ|
2
)
Qtf dv.
Set
Qtf = e
−v(x,t)
(4πt)m/2
.
Then
logQtf + m2 log(4πt) = −v(x, t).
We obtain
W(v, t) =
∫
M
(
φ − v + m − t∣∣∇(φ − v)∣∣2) e−v(x,t)
(4πt)m/2
dv. (19)
Here we use the notation W(v, t) instead of W(f, t). Note that, the above W -entropy formula is
the same as we obtained for the heat equation of the Witten Laplacian ∂tu = Lu. Indeed, we need
only to replace f in [11] (which is related to the positive solution of the heat equation ∂tu = Lu
by u = e−f
(4πt)m/2 in [11]) by v − φ here. Based on this one to one correspondence, we can easily
derive the following variational formula for the W -entropy of the Fokker–Planck equation.
Theorem 5.1. Let (M,g) be a complete Riemannian manifold on which the curvature operator
as well as its k-th covariant derivatives are bounded up to k = 3, and φ ∈ C4(M) with ∇2φ ∈
C2b(M). Suppose that there exist some constants m n and K  0 such that
Ricm,n(L)−K.
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Qtf = e
−v(x,t)
(4πt)m/2
be the fundamental solution the Fokker–Planck equation (1). Then
d
dt
W(v, t) =
∫
M
t
(∣∣∣∣∇2(v − φ) − g2t
∣∣∣∣
2
+ Ricm,n(L)
(∇(v − φ),∇(v − φ))
)
e−v
(4πt)m/2
dv
+ 2
m − n
∫
M
t
(
∇φ · ∇(v − φ) + m − n
2t
)2
e−v
(4πt)m/2
dv.
Proof. By Theorem 2.3 of [11] and the Note added in proof of [11], the W -entropy formula
holds for the fundamental solution to the heat equation ∂tu = Lu. By this and using the canonical
correspondence between the Fokker–Planck equation (1) and the heat equation ∂tu = Lu, we can
derive Theorem 5.1. 
As a corollary of Theorem 5.1, we derive the following monotonicity theorem for the Fokker–
Planck equation on complete Riemannian manifolds. It is the corresponding result of our mono-
tonicity theorem for the W -entropy for the heat equation of the Witten Laplacian on complete
Riemannian manifolds [11], and can be viewed as an analogue of Perelman’s monotonicity the-
orem for the W -entropy for the Ricci flow and the conjugate heat equation on closed manifolds,
and Ni’s monotonicity theorem for the W -entropy for the linear heat equation ∂tu = u on
closed Riemannian manifolds with non-negative Ricci curvature.
Theorem 5.2. Let (M,g) be a complete Riemannian manifold on which the curvature operator
as well as its k-th covariant derivatives are bounded up to k = 3, and φ ∈ C4(M) with ∇2φ ∈
C2b(M). Suppose that there exists a constant m n such that
Ricm,n(L) 0.
Then the W -entropy of the Fokker–Planck equation (1) is monotone increasing in time t .
The following result establishes a rigidity theorem for Perelman’s W -entropy for the Fokker–
Planck equation. In some sense, it indicates that in an appropriate way the Euclidean space Rn
can be viewed as the unique equilibrium state of the W -entropy for the Fokker–Planck dynamics
in the canonical ensemble of all n-dimensional Riemannian manifold M with non-negative m-
dimensional Bakry–Emery Ricci curvature.
Theorem 5.3. Let (M,g) be a complete Riemannian manifold on which the curvature operator
as well as its k-th covariant derivatives are bounded up to k = 3, and φ ∈ C4(M) with ∇2φ ∈
C2b(M). Suppose that there exists a constant m ∈ N, m n such that
Ricm,n(L) 0.
Then there exists some t0 > 0 such that
d
W(v, t) = 0 at t = t0dt
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m = n, φ ≡ C is a constant, and
u(x, t) = f (x, t) = e
−‖x‖24t
(4πt)n/2
, ∀x ∈ Rn, t > 0.
Proof. Using the canonical correspondence between the Fokker–Planck and the Witten Lapla-
cian, we can derive Theorem 5.3 from Theorem 2.5 of [11] and the Note added in proof
of [11]. 
6. Probabilistic interpretation of Perelman’sW -entropy
In [18], Perelman gave a heuristic interpretation of the W -entropy for the Ricci flow and for
the conjugate heat equation by using Boltzmann’s statistic mechanics. Similarly, we can also
give a heuristic interpretation of the W -entropy functional of the Fokker–Planck equation by
Boltzmann’s statistic mechanics. More precisely, suppose that there exists a canonical ensemble
with a “density of states” measure for which the partition function is given by
logZβ =
∫
M
Qtf (logQtf + φ)dv + m2
(
1 + log(4πt)). (20)
Then, by the Boltzmann entropy formula in statistical mechanics
S = logZβ − β ∂
∂β
logZβ, (21)
we obtain
S =
∫
M
(
t
∣∣∇(v − φ)∣∣2 + v − φ − m) e−v(x,t)
(4πt)m/2
dv(x),
and hence
W(v, t) = −S. (22)
However, as in the case of Perelman’s W -entropy for the Ricci flow and the conjugate heat
equation, the above interpretation of the W -entropy for the Fokker–Planck equation (1) is only
heuristic. The existence and the construction of a canonical ensemble with a “density of states”
measure whose partition function is given by (20) remain as a challenging open problem.
In our previous paper [11], we used a probabilistic point of view to explain how the Perel-
man W -entropy for the heat equation of the Witten Laplacian and how the Perelman W -entropy
for the Ricci flow and the conjugate heat equation were introduced. Now we develop the idea
in [11] to give a probabilistic interpretation of the Perelman W -entropy for the Fokker–Planck
equation (1) on complete Riemannian manifolds. To this end, we first notice that the Boltzmann–
Nash-Shannon entropy of the Fokker–Planck equation (1) on M is defined by
EntFK,M(Qtf ) =
∫
M
Qtf logQtf dv +
∫
M
Qtf φ dv,
i.e.,
EntFK,M(Qtf ) = FM(Qtf ).
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actly the free energy functional of the Fokker–Planck equation. In the particular case where
M = Rm, φ ≡ 0 and m n is an integer, we have
EntFP,Rm(Qtf ) = FRm(Qtf ) = −m2
(
1 + log(4πt)).
Therefore, from the definition formula (18), we see that
Hm(v, t) =
∫
M
Qtf logQtf dv +
∫
M
Qtf φ dv + m2
(
1 + log(4πt)) (23)
is the difference between the free energy (equivalently, the Boltzmann–Nash-Shannon entropy)
of the Fokker–Planck equation (1) on M , and the free energy (equivalently, the Boltzmann–Nash-
Shannon) entropy of the Fokker–Planck equation ∂tf = f on the m-dimensional Euclidean
space Rm. That is,
Hm(v, t) = EntFP,M(Qtf ) − EntFK,Rm(Qtf ).
Equivalently,
Hm(v, t) = FM(Qtf ) − FRm(Qtf ).
By the definition formula (18), we have
W(v, t) = ∂
∂t
(
tHm(v, t)
)
. (24)
This gives a probabilistic and kinetic interpretation of Perelman’s W -entropy (19) for the
Fokker–Planck equation (1) on complete Riemannian manifolds. Indeed, let t = β−1, then one
can easily prove that (24) with (23) is equivalent to (22) with (21).
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